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Injectives and projectives in a category are, in general, distinguished objec:s- 
especially whenever they appear in abundance. This is apparently one of the reasons 
that categories of modules, in particular the category of abelian groups, have a nice 
structure. 
The category of all groups has the same property as the category of abelian groups 
with regard to projectives. With injectives the situation is completely different. While 
there are plenty of injectives in the category of abelian groups, there is no non-trivial 
injective in the category of all groups (Baer’s theorem). We show that there is a 
categorical reason for this shortage. Roughly speaking, if there are enough simpie 
objects (see definition) in a category, then there is no room for injectives. Many 
algebraic categories, as for example the category of algebras over a field or the 
category of Lie rings, are shown to have no non-trivial injectives. 
efinitisn. Let %’ be a pointed category (with a zero object). 
(i) An object S of %Z is called a simple object if every map witlh domain S is either 
zero or a monomorphism. 
(ii) An object A in % is said to be a subsimple object if A is a proper subobject of a 
simple object in %. 
1. If a non-zero object I in a pointed category % is an extremal quotient of a 
subsimple object, then I is not injective in %. 
. Assume I is injective. Let A be a subsimple object and e : A-4 an extremal 
epimorphism [4, 17.91. Since A is subsimple there is a simple object S and a 
non-invertible monomorphism m : A-S. As I is injective there is a map f such that 
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commutes. If I # 0, then e # 0 so f # 0, hence f is a monomorphism. But f is an 
extremal epimorphism, since fm is, so f is invertible. It follows that m = fcl e is 
an extremal epimorphism, so m is invertbile. Contradiction. 
There are no non-trivial injectives in the folk wing pointed categories. 
(i) Groups ; 
(ii) torsion-free groups ; 
(iii) J-algebras ; 
(iv) commutative J-algebras, J an integral domain ; 
(v) non-associative rings ; 
(vi) Lie rings. 
roof. (i) E-very group is a quotient of a free group, which is embeddable into a simple 
group. 
Statement (i) is a theorem of R. Baer (mentioned by MacLane [6]) who proved it in 
a different way, see [lo]. 
(ii) A free group is torsion-free, so by a theorem of Higman, Neumann, Neumann 
[S] it may be embedded in a group with exactly two classes of conjugates, hence 
simple and torsion-free. 
(iii) A free J-algebra F may be embedded into the algebra of central fractions A, 
which is an algebra over the field of fractions K of J The K-algebra A may be 
embedded into a simple K-algebra S, Bokut [2]. S is simple as a J-algebra. 
(iv) A free commutative algebra is embeddable into its field of fractions. State- 
ments (iii), (iv) were proved for rings in a different way by Raphael [8]. 
(v) The additive group of a free non-associative ring is torsion-free so, by a 
theorem of B.H. Neumann [7], the ring is embeddable into a non-associative 
division-ring. 
(vi) Cohn [3] proved that if the given ring in [7] is a Lie ring, then the division-ring 
may be chosen to be a Lie ring. The additive group of a free Lie ring is evidently 
torsion-free, hence: the ring is embeddable into a Lie division-ring. 
Obviously the definition and Theorem 1 may be dualized. In the following 
proposition we suppose that the category % is pointed and exact in the sense of [4, 
39.61. 
. An object of % is simple if and only if it is cosimple. 
Assume G is cosimple and let g : C + B. If g is not a monomorphism, then 
ker g ; 0, so ker g + G is epic and manic, hence invertible. This implies g = 0. The 
converse is obtained ually. 
the category of groups the cosimple objects are precisely the groups of prime 
s in the category of abelian grou 
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In the category of torsion-free abelian groups, C is cosimple if and only if all 
C/N, 0 #N < C, are torsion groups. 
In the category of rings, the prime fields and every subring of the rationals are 
cosimple. Actually, C 3s cosimple il the category of rings if and only if for any A there 
is at most one non-zero map C + A. 
Injective objects are sometimes replaced by injective ffacements, Barr [ 11. Using 
the idea of the proof of Theorem 1 we may establish the following. Assume that A is a 
proper extremal quotient of an objet,! F which is embeddable into a siimple object; if 
A + E is an injective effacement, thelvt A = 0. 
The conditions, hence the conclusion, of the last statement are satisfied in all the 
categories of Theorem 2. 
If we insist on defining injective effacements with regular monomorphisms, asin 
[ 11, then we have to assume that the embedding of F, in the last statement, isregular. 
The same conclusion follows. 
In the category of groups all the monomorphisms are regular. This is not true in the 
category of rings. However, Raphael [9] showed (using a different argument) hat our 
conclusic7Bn is true for rings. I do not know whether afree ring is regularly embeddable 
into a simple ring. 
Remark. 
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